Abstract. We will derive the asymptotic expansions of solutions of the heat equation with hyperfunctions initial data.
Introduction
In [4] , T. Matsuzawa characterized hyperfunctions with compact support as the initial value of the solutions to the heat equations as follows: 
Theorem 1 ([4]). Let u be a hyperfunction with compact support K. Then U (x, t) = (u * E)(x, t) satisfies
(i) ( ∂ ∂t − ∆ ) U (x, t) = 0, (ii) U (x, t) ∈ C ∞ (R d × (0, ∞)),(
U (x, t)χ(x)φ(x)dx
for any entire functions φ, where E(x, t) = (4πt)
4t , x ∈ R d , 0 < t < +∞ and χ ∈ C ∞ 0 (R d ) such as χ = 1 in a neighborhood of K.
Conversely, if every C ∞ -function U (x, t) defined in R d ×(0, ∞) satisfies (i), (iii) and (iv), then there uniquely exists u ∈ A ′ (K) such that U (x, t) = (u * E)(x, t).
We analyze (♯) more precisely. Formally, we have the following formal calculation:
wheref is the Fourier transform of f . For example, we have
As a consequence of our strict consideration on this formal calculation, we will derive the asymptotic expansions of solutions of the heat equation with hyperfunctions with compact support initial data as follows:
) satisfying the following conditions:
Then U (x, t) has the following asymptotic expansion:
) .
That is, for any entire function φ,
where
Asymptotic expansions of the solutions to the heat equations with hyperfunctions with compact support initial value
We will derive the asymptotic expansions of the solutions of the heat equations with hyperfunctions with compact support initial value in this section. First of all, we fix some notations. We use a multi-index
is called heat kernel and has the following properties:
Moreover we obtain the following estimate on the heat kernel E(x, t):
Proof. SinceÊ(ξ, t) = e −tξ 2 , we have
Therefore we obtain
So we have
( 1 2π
Now we put η = x 2t . Then we obtain
On the other hand, we find
where Γ(s) is Euler gamma function. By (2.1) and (2.2), we have
By a direct calculation, we have
So we obtain
Therefore we have
( 1 2t
which proves the Proposition 1.
Remark 1. The estimate in Proposition 1 is a little bit different from Matsuzawa's result in [5] .
Definition 1.
Let K be a compact set of R d and A(K) be the space of all real analytic functions in some neighborhood of K. That is,
For h > 0, we put
By Proposition 1, we immediately obtain the following Proposition 2:
Definition 2.
A ′ (K) denotes the dual space of A(K) and we call the element of A ′ (K) hyperfunctions supported by K.
We obtain the following result. ∞) ) satisfy the following conditions:
That is, for any entire function φ,
To prove Theorem 2, we need the two lemmas as follows:
Lemma 2. Let g = χφ be in
Proof. For y ∈ K, let given h > 0 be fixed. If g ∈ A h (K), then by Lemma 1,
So we obtain ∫
This proves the lemma.
Proof of Theorem 2. By Matsuzawa's result [4] , there uniquely exists u ∈ A ′ (K) such that U (x, t) = (u * E)(x, t). Hence, for any entire functions φ,
Therefore, by Lemma 5 and the continuity of u, we have
Asymptotic expansions of the solutions to the heat equations with Fourier-hyperfunctions initial data
We will derive asymptotic expansions of the solutions to the heat equations with Fourier hyperfunctions initial data in this section.
At first, we define the space of test functions F of Fourier-hyperfunctions as follows:
• F h,k is a Fréchet space by semi norm 
We obtain the following asymptotic expansions of the solutions to the heat equations with Fourier-hyperfunctions initial data: ∞) ) satisfy the following conditions:
That is,
To show this, we need the following lemma:
Proof.
Hence we obtain ∫
This completes the proof of Lemma 3.
Proof of Theorem 3. By the result in [3] , there exists Fourier-hyperfunction u ∈ F such that U (x, t) = (u * E)(x, t). For any φ ∈ F h,k ,
⟨U (x, t) , φ⟩ = ⟨(u * E)(x, t) , φ⟩ .
By a similar calculation to the proof of Theorem 2, we have the following equality: This completes the proof of Theorem 3.
Remark 4. In this connection, we have antecedent results on the asymptotic expansions of the solutions of the heat equations with the tempered distributions and the distributions of exponential growth initial date (see [7] ).
